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A relativistic particle undergoing successive boosts which are non collinear will experience a
rotation of its coordinate axes with respect to the boosted frame. This rotation of coordinate
axes is caused by a relativistic phenomenon called Thomas Rotation. We assess the importance
of Thomas rotation in the calculation of physical quantities like electromagnetic fields in the
relativistic regime. We calculate the electromagnetic field tensor for general three dimensional
successive boosts in the particle’s rest frame as well as the laboratory frame. We then compare
the electromagnetic field tensors obtained by a direct boost ~β + δ~β and successive boosts ~β and
∆~β and check their consistency with Thomas rotation. This framework might be important to
situations such as the calculation of frequency shifts for relativistic spin-1/2 particles undergoing
Larmor precession in electromagnetic fields with small field non-uniformities.
I. INTRODUCTION
As pointed out by Thomas [1], two successive non
collinear Lorentz boosts are not equal to a direct boost
but to a direct boost followed by a rotation of the coor-
dinate axes. That is,
FIG. 1. Schematic of the boosts. ~β + δ~β: Direct boost,
~β: First successive boost, δ~β: Second successive boost in
lab frame, ∆~β: Second successive boost with respect to the
inertial frame with boost ~β.
A(~β + δ~β) 6= A(δ~β) ·A(~β)
A(~β + δ~β) = Rtom(∆~Ω) ·A(∆~β) ·A(~β) (1)
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where (~β + δ~β) is the direct boost, ~β and δ~β are two
successive boosts in the lab frame, ∆~β and ∆~Ω are, re-
spectively, the successive boost and the angle of rotation
with respect to the frame with boost ~β. A(~β+ δ~β), A(~β)
A(δ~β) and A(∆~β) are the usual boost matrices for the
direct boost and the successive boosts respectively, and
Rtom(∆~Ω) is the rotation matrix [5, 6].
This rotation of the space coordinates under the ap-
plication of successive Lorentz boosts is called Thomas
rotation. This phenomenon occurs when a relativistic
particle is undergoing accelerated motion. Now since we
have to show the acceleration, we added an infinitesimal
boost vector δ~β to the original boost ~β.
In general, for boosts ~β1 and ~β2 which are parallel
to each other or more specifically boosts corresponding
to (1+1)dimensional pure Lorentz transformations, the
transformation matrix forms a group which satisfies the
equation:
A(~β1) ·A(~β2) = A(~β12) (2)
where β12 is the velocity composition of two boosts which
is given by the equation:
β12 =
β1 + β2
1 + β1 · β2 (3)
But successive boosts which are non collinear, in general,
result in Thomas rotation of the space coordinates or in
other words, the boosted frames which are accelerating in
the sense that their direction is changing will experience
Thomas rotation. So the values of the physical quantities
obtained by applying just Lorentz transformation are not
correct in such cases.
This work is inspired by the ideas discussed in [9–
14, 16] but in a slightly different manner. Ungar et al.
defined three inertial reference frames Σ, Σ′, and Σ′′ in
such a way that their corresponding axes are parallel to
each other (Σ being the lab frame). It is assumed that
the relative velocity of Σ′ with respect to Σ and the rel-
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2ative velocity of Σ′′ with respect to Σ′ is known before-
hand. The relativistic velocity composition law can then
be used to calculate the velocity of Σ′′ with respect to Σ.
Usually the velocity of Σ′′ with respect to Σ′ is not known
so the above mentioned approach cannot be used directly.
To circumvent this issue, in this paper we present a cal-
culation in which we calculated a matrix AT [6] from
A(~β+ δ~β) and A(−~β) which contains all the information
about relativistic composition of velocities and Thomas
rotation.
To our knowledge, the case of non-collinear boosts
and its effects on the electromagnetic field tensor has
not been discussed in the literature. The aim of this
paper is to see how the electromagnetic field tensor
transforms with the Lorentz transformations for general
three-dimensional boosts and to show that the field ten-
sor in the direct boosted frame A(~β + δ~β) and succes-
sive boosted frames A(~β) and A(δ~β) are consistent with
Thomas rotation.
II. SURVEY OF SOME CONCEPTS OF THE
SPECIAL THEORY OF RELATIVITY
A. Lorentz Transformations
For two inertial reference frames Σ and Σ′ which have
a relative velocity of ~v in such a way that the coordinate
axes of Σ are parallel to Σ′ and Σ′ is moving in the pos-
itive x direction as seen from Σ, the position 4-vector of
Σ′ is related to the position 4-vector of Σ by the standard
Lorentz transformation equations [2]:
x′0 = γ(x0 − βx1)
x′1 = γ(x1 − βx0)
x′2 = x2
x′3 = x3 (4)
where
x0 = ct, x1 = x, x2 = y, x3 = z;
~β = ~vc , β =| ~β |;
γ = (1− β2)−1/2: Lorentz factor
The generalization of Eq. (4) for the relative velocity
of Σ′ in an arbitrary direction but with the coordinate
axes of the two frames still parallel to each other is given
by:
x′0 = γ(x0 − ~β · ~x)
~x′ = ~x+
(γ − 1)
β2
(
~β · ~x
)
~β − γ~βx0 (5)
B. Addition of Velocities
Consider two inertial reference frames Σ and Σ′ such
that the relative velocity of Σ′ with respect to Σ is ~v. A
particle is moving in Σ′ such that its velocity with respect
to Σ′ is ~u′. The velocity of the particle with respect to Σ
is then given by [3]:
u‖ =
u′‖ + v
1 + ~v·~u′c2
~u⊥ =
~u′⊥
γv(1 +
~v·~u′
c2 )
(6)
where u‖ and ~u⊥ refer to the components of velocity par-
allel and perpendicular, respectively, to ~v.
It can be shown that the Lorentz factor of ~v, ~u, and
~u′ are related to each other by
γu = γvγu′
(
1 +
~v · ~u′
c2
)
(7)
More generally, the velocity composition law for two ar-
bitrary velocities can be written as [9–16]:
~u⊕ ~v = ~u+ ~v
1 + ~u·~vc2
+
1
c2
(
γu
γu + 1
)
~u× (~u× ~v)
1 + ~u·~vc2
with
γu⊕v = γuγv
(
1 +
~u · ~v
c2
)
(8)
where symbol ⊕ refers to the direct sum of the vector
space of the velocity vectors.
C. Matrix Representation and Boost Matrix
For the rest of the paper, we will be using matrix
methods to calculate Lorentz transformations as they are
very convenient to use and are more explicit. All of the
equations in Eqs. (4) and (5) can easily be obtained
by using the boost matrices for Lorentz transformations.
For example, for a boost along the x axis, the boost ma-
trix can be written as [6]:
A =
 γ −γβ 0 0−γβ γ 0 00 0 1 0
0 0 0 1
 (9)
Hence, ct
′
x′
y′
z′
 =
 γ −γβ 0 0−γβ γ 0 00 0 1 0
0 0 0 1

ctxy
z

3=
γ(ct− βx)γ(x− βct)y
z
 (10)
For an arbitrary boost, the general form of the boost
matrix A takes a form in which the matrix elements can
be written as:
A00 = γ
A0i = Ai0 = −γβi
Aij = Aji = δij + (γ − 1)βiβj
β2
(11)
where δij is the kronecker delta. The general form of
Eq. (9) can therefore be written as [5]:
A =

γ −γβx −γβy −γβz
−γβx 1 + (γ − 1)β2xβ2 (γ − 1)βxβyβ2 (γ − 1)βxβzβ2
−γβy (γ − 1)βyβxβ2 1 + (γ − 1)
β2y
β2
(γ − 1)βyβz
β2
−γβz (γ − 1)βzβxβ2 (γ − 1)βzβyβ2 1 + (γ − 1)β
2
z
β2
 (12)
D. Set-up
To start with, consider two arbitrary boosts ~β and δ~β
in three dimensions:
~β = βxxˆ+ βy yˆ + βz zˆ
δ~β = δβxxˆ+ δβy yˆ + δβz zˆ (13)
FIG. 2. General boost in three-dimensions. Dotted line rep-
resents the projection of ~β on the xy-plane.
In order to calculate the boost matrix for various
boosts, we will apply a passive transformation which will
rotate our lab frame (xy) coordinate axes in such a way
that its x-axis is aligned with ~β. This rotated frame will
hereafter be called the longitudinal-transverse (`t) frame.
This whole transformation can be imagined as a prod-
uct of two rotations: The first rotation is about the z
axis by an angle φ which will align the x axis along the
projection of the boost vector in the xy plane (Fig. 3).
The rotation matrix associated with this rotation can be
FIG. 3. Rotation about z axis by an angle φ. The new x, y
and z axes are called the x1, y1 and z1 axes respectively.
written as:
R1 =
1 0 0 00 cosφ sinφ 00 − sinφ cosφ 0
0 0 0 1
 (14)
The second rotation is about the y1 axis (Fig. 4)
4by an angle pi2 − θ. The effect of this rotation is that it
aligns the x1 axis to the boost vector ~β. For the second
FIG. 4. Second rotation about the y1 axis by an angle
pi
2
− θ.
x, y, and z axes in this new frame are called the x2, y2 and
z2 axes respectively.
rotation, the rotation matrix can be written as:
R2 =
1 0 0 00 sin θ 0 cos θ0 0 1 0
0 − cos θ 0 sin θ
 (15)
The overall effect of the two rotations can be com-
bined in a single transformation matrix R:
R = R2 ·R1
=
1 0 0 00 sin θ cosφ sin θ sinφ cos θ0 − sinφ cosφ 0
0 − cos θ cosφ − cos θ sinφ sin θ
 (16)
It is clear from Fig. 2 that if:
~β = βxxˆ+ βy yˆ + βz zˆ
then
cos θ =
βz
λ1
sin θ =
η1
λ1
cosφ =
βx
η1
sinφ =
βy
η1
(17)
where the parameters λ1 and η1 are defined in the ap-
pendix.
Using Eq. (17), the matrix R can be written as:
R =

1 0 0 0
0 βx
λ1
βy
λ1
βz
λ1
0 −βy
η1
βx
η1
0
0 −βxβz
η1λ1
−βyβz
η1λ1
η1
λ1
 (18)
As mentioned earlier, this rotation matrix will trans-
form the lab frame coordinates of any 4-vector (xy-
frame) to its coordinates in the rotating frame also called
longitudinal-transverse frame (`t-frame):
~β`t = R · ~βxy
0
β`tx
β`ty
β`tz
 = R ·

0
βxyx
βxyy
βxyz

=
 0λ10
0
 (19)
where the superscripts `t and xy refer to the components
in longitudinal-transverse frame and laboratory frame,
respectively, and for the sake of simplicity in notation we
assumed:
βxyx = βx, β
xy
y = βy, β
xy
z = βz;
Similarly, the infinitesimal boost in the longitudinal-
transverse frame is of the form:
δ~β`t = R · δ~βxy
0
δβ`tx
δβ`ty
δβ`tz
 = R ·

0
δβxyx
δβxyy
δβxyz

=

0
λ2
λ1
λ6
η1
λ5
η1λ1
 (20)
where λ1, λ2, λ5, λ6 and η1 are defined in the Appendix.
To calculate the γ(~β+δ~β) in the `t-frame, we have:
(~β + δ~β)`t =
(
λ1 +
λ2
λ1
)
xˆ+
λ6
η1
yˆ +
λ5
η1λ1
zˆ
Keeping the terms linear in δβ, we get
| (~β + δ~β)`t |2≈ λ21 + 2λ2
5Using the above equation we calculate:
γ(~β+δ~β) =
(
1− λ21 − 2λ2
)− 12
≈ (1− λ21)− 12 [1 + λ21− λ21
]
Hence, γ(~β+δ~β) can be written as:
γ(~β+δ~β) ≈ γ(1 + γ2λ2)
where γ = 1√
1−λ21
is the Lorentz factor.
Using Eq. (19), the boost matrix for boost ~β`t can
be calculated:
A(~β)`t =
 γ −γλ1 0 0−γλ1 γ 0 00 0 1 0
0 0 0 1
 (21)
Similarly, using Eqs. (19), (20), to the first order in δβ,
the boost matrix for the direct boost ~β + δ~β in the `t-
frame can be written as:
A(~β+δ~β)`t =

γ + γ3λ2 − γ(λ
2
1+γ
2λ2)
λ1
− γλ6
η1
− γλ5
η1λ1
− γ(λ
2
1+γ
2λ2)
λ1
γ + γ3λ2
(γ−1)λ6
η1λ1
(γ−1)λ5
η1λ
2
1
− γλ6
η1
(γ−1)λ6
η1λ1
1 0
− γλ5
η1λ1
(γ−1)λ5
η1λ
2
1
0 1

(22)
III. TRANSFORMATIONS OF THE
ELECTROMAGNETIC FIELD TENSOR
The main idea of this paper is to see how the electro-
magnetic fields transform relativistically when there is an
accelerated motion. It can be further divided into trans-
formations in the longitudinal-transverse and lab frame.
A. Longitudinal-Transverse `t-Frame
To see the effects on electromagnetic fields, we first
need to bring the electromagnetic field tensor to the ro-
tating `t-frame so that all the boosts and electromagnetic
fields are in the same frame to start with. The electro-
magnetic field tensor Fµν in the lab frame is given by
[7]:
Fµν =
 0 −Ex −Ey −EzEx 0 −Bz ByEy Bz 0 −Bx
Ez −By Bx 0
 (23)
For the rest of the paper we will write Fµν = F .
To get the field tensor in the `t-frame, we can apply
the rotation matrix R on Fµν :
F `t = R · F ·RT (24)
where the superscript T refers to matrix transpose.
After plugging in the values of R and F from Eqs. (18)
and (23), we can write F `t as:
F `t =

0
−βxEx−βyEy−βzEz
λ1
βyEx−βxEy
η1
−Ezβ2x+βzExβx+βy(βzEy−βyEz)
η1λ1
βxEx+βyEy+βzEz
λ1
0
(Bxβx+Byβy)βz−Bzη21
η1λ1
Byβx−Bxβy
η1
βxEy−βyEx
η1
Bzη
2
1−(Bxβx+Byβy)βz
η1λ1
0
−Bxβx−Byβy−Bzβz
λ1
Ezβ
2
x−βxβzEx+βy(βyEz−βzEy)
η1λ1
Bxβy−Byβx
η1
Bxβx+Byβy+Bzβz
λ1
0

To the electromagnetic field tensor obtained in Eq.
(24), we will apply boost matrix for the first successive
boost ~β`t and the direct boost (~β + δ~β)`t using the well-
known equation [8]:
F ′ = A · F ·AT (25)
where F ′ and F are the electromagnetic field tensors in
the boosted frame and the lab frame (or any inertial
frame) respectively and A is the boost matrix.
For boost ~β`t, the transformation of F lt can be cal-
culated using Eqs. (21), (24) and (25):
(F ′)`t = A(~β`t) · F `t · (A(~β`t))T
The following table has the elements of (F ′)`t after ma-
trix multiplication:
Electromagnetic fields in Table I are consistent with the standard field transformation equations [8, 12].
~E′ = γ
(
~E + ~β × ~B
)
− γ
2
γ + 1
~β(~β · ~E)
6(F ′10)`t (E′x)
`t βxEx+βyEy+βzEz
λ1
(F ′20)`t (E′y)
`t γ(−Bzη21+Bxβxβz+Byβyβz−Exβy+βxEy)
η1
(F ′30)`t (E′z)
`t γ(Byβxλ
2
1−Bxβyλ21+β2xEz−βxExβz−βyEyβz+β2yEz)
η1λ1
(F ′32)`t (B′x)
`t Bxβx+Byβy+Bzβz
λ1
(F ′13)`t (B′y)
`t γ(Byβx−Bxβy+β2xEz−βxExβz−βyEyβz+β2yEz)
η1
(F ′21)`t (B′z)
`t γ(Bzη
2
1−Bxβxβz−Byβyβz−β3xEy+β2xExβy−βxβ2yEy+Exβ3y−βxEyβ2z+Exβyβ2z)
η1λ1
TABLE I. Expressions for the indicated components of the electromagnetic field tensor after being transformed by the first
boost ~β`t in the longitudinal-transverse frame.
~B′ = γ
(
~B − ~β × ~E
)
− γ
2
γ + 1
~β(~β · ~B) (26)
Similarly, for the direct boost (~β+ δ~β)`t, the electromag-
netic field tensor transformation is given by:
(F ′′)`t = A((~β + δ~β)`t) · F `t ·A((~β + δ~β)`t)T
After simplification and keeping terms to linear order in
δβ, (F ′′)`t can be calculated and the detailed expressions
of its elements are provided in the Appendix (Section
A.1).
Because of the way we set up the problem, the elec-
tromagnetic field tensor described by the direct boost
(~β + δ~β)`t already consists of rotations. To get the elec-
tromagnetic fields which do not have any rotations (pure
Lorentz boost) [6], we will use the successive boosts. As
mentioned earlier in the Introduction, we will calculate a
matrix AT :
AT = A(~β + δ~β) ·A(−~β) (27)
For the `t-frame, AT looks like:
A`tT =

1 −γ
2λ2
λ1
−γλ6η1 −
γλ5
η1λ1
−γ2λ2
λ1
1 (γ−1)λ6η1λ1
(γ−1)λ5
η1λ21
−γλ6η1 −
(γ−1)λ6
η1λ1
1 0
− γλ5η1λ1 −
(γ−1)λ5
η1λ21
0 1
 (28)
The matrix AT contains all the information regarding
relativistic composition of velocities and Thomas rotation
which can be seen if we write AT as [6]:
A`tT = A(∆
~β)`t ·Rtom(∆~Ω)`t
=
(
I −∆~β`t · ~K
)
·
(
I −∆~Ω`t · ~S
)
(29)
where
∆~β`t = successive boost with respect to frame with boost
~β;
∆~Ω`t =
[(
γ−1
β2
)
~β`t × δ~β`t
]
is the angle of rotation asso-
ciated with Thomas rotation.
It can be easily shown that if the boosts and rotations
are infinitesimal then:
A(∆~β) ·Rtom(∆~Ω) = Rtom(∆~Ω) ·A(∆~β)
Matrices ~K and ~S are the generators of Lorentz boosts
and rotations respectively:
K1 =
0 1 0 01 0 0 00 0 0 0
0 0 0 0
 , K2 =
0 0 1 00 0 0 01 0 0 0
0 0 0 0
 ,
K3 =
0 0 0 10 0 0 00 0 0 0
1 0 0 0
 , S1 =
0 0 0 00 0 0 00 0 0 −1
0 0 1 0
 ,
S2 =
0 0 0 00 0 0 10 0 0 0
0 −1 0 0
 , S3 =
0 0 0 00 0 −1 00 1 0 0
0 0 0 0

Extracting the matrix form of A(∆~β`t) and
Rtom(∆~Ω
`t) from AT , we get:
A(∆~β)`t =

1 −γ
2λ2
λ1
−γλ6η1 −
γλ5
η1λ1
−γ2λ2
λ1
1 0 0
−γλ6η1 0 1 0
− γλ5η1λ1 0 0 1

Rtom(∆~Ω)
`t =

1 0 0 0
0 1 (γ−1)λ6η1λ1
(γ−1)λ5
η1λ21
0 − (γ−1)λ6η1λ1 1 0
0 − (γ−1)λ5
η1λ21
0 1
 (30)
7In order to find the electromagnetic fields due to pure
Lorentz boosts, we calculate the electromagnetic field
tensor due to the successive boosts ~β`t and ∆~β`t:
(F ′′′)`t = A(∆~β)`t ·A(~β)`t · F `t · (A(~β)`t)T · (A(∆~β)`t)T
= A(∆~β)`t · (F ′)`t · (A(∆~β)`t)T (31)
After simplification and keeping the terms which are lin-
ear in δβ, we get the matrix (F ′′′)`t whose elements are
provided in the Appendix (Section A.2).
It should be noted that since (F ′′′)`t and (F ′′)`t are
different from each other by just a rotation, so (F ′′′)`t can
be obtained by operating an inverse Thomas rotation on
(F ′′)`t. In fact, we used this as a check for verifying if
the expressions of electromagnetic fields calculated using
Eq. (32) are correct.
(F ′′′)`t = Rtom(−∆~Ω)`t · (F ′′)`t · (Rtom(−∆~Ω)`t)T (32)
B. Laboratory xy-Frame
After getting the expressions of electromagnetic fields
in the `t-frame obtained by different boosts, we now cal-
culate the electromagnetic fields by the same boosts with
respect to the lab frame. The overall approach stays the
same but all the boost matrices are needed to be trans-
formed in the xy-frame before being used to calculate the
electromagnetic field tensor. Another way of calculating
the electromagnetic field tensor is to directly transform
the field tensors obtained in `t-frame.
In order to calculate the electromagnetic field tensor
for various boosts in the lab xy-frame, we will just use
the field tensor F as defined in Eq. (23). Since R is the
rotation matrix for passive coordinate transformations
(18), we have:
R ·RT = RT ·R = I (33)
therefore we can write the electromagnetic tensors and
boost matrices in the lab xy-frame as:
F xy = RT · F `t ·R
Axy = RT ·A`t ·R (34)
After matrix multiplication, A(~β)xy can be written as:
A(~β)xy =

γ −γβx −γβy −γβz
−γβx γβ
2
x+β
2
y+β
2
z
λ21
(γ−1)βxβy
λ21
(γ−1)βxβz
λ21
−γβy (γ−1)βxβyλ21
β2x+γβ
2
y+β
2
z
λ21
(γ−1)βyβz
λ21
−γβz (γ−1)βxβzλ21
(γ−1)βyβz
λ21
β2x+β
2
y+γβ
2
z
λ21

which is in agreement with Eq. (12) if we substitute in
~β = ~βxy = βxxˆ+ βy yˆ + βz zˆ
Using Eqs. (25) and (34) we can calculate the
electromagnetic field tensor (F ′)xy which corresponds to
the boost ~βxy:
(F ′10)xy (E′x)
xy γEx + γ (Bzβy −Byβz)− γ
2βx(βxEx+βyEy+βzEz)
γ+1
(F ′20)xy (E′y)
xy γEy + γ (Bxβz −Bzβx)− γ
2βy(βxEx+βyEy+βzEz)
γ+1
(F ′30)xy (E′z)
xy γEz + γ (Byβx −Bxβy)− γ
2βz(βxEx+βyEy+βzEz)
γ+1
(F ′32)xy (B′x)
xy γBx + γ (Eyβz − βyEz)− γ
2βx(Bxβx+Byβy+Bzβz)
γ+1
(F ′13)xy (B′y)
xy γBy + γ (Ezβx − βzEx)− γ
2βx(Bxβx+Byβy+Bzβz)
γ+1
(F ′21)xy (B′z)
xy γBz + γ (Exβy − βxEy)− γ
2βx(Bxβx+Byβy+Bzβz)
γ+1
TABLE II. Expressions for the indicated components of the electromagnetic field tensor after being transformed by the first
boost ~βxy in the laboratory frame.
Again, the components of the electromagnetic field tensor in Table II can be verified from the standard field
8transformations as shown in Eq. (26).
Similarly, for the direct boost (~β + δ~β)xy, we can use
Eq. (34) to calculate the boost matrix. The detailed
expression of A(~β + δ~β)xy is too long to write here but
it shares the same features as [6] which can be seen if we
let δβz = βy = βz = 0:
A(~β + δ~β)xy =

γ + γ3βxδβx −(γβx + γ3δβx) −γδβy 0
−(γβx + γ3δβx) γ + γ3βxδβx
(
γ−1
β2x
)
βxδβy 0
−γδβy
(
γ−1
β2x
)
βxδβy 0 1
0 0 0 1
 (35)
The above matrix is identical in form to the one shown in
[6]. After calculating the boost matrix Eq. (35), we can
again use Eq. (25) to calculate the electromagnetic field
tensor in the direct boosted frame with respect to the
laboratory frame whose detailed expressions are provided
in the Appendix (Section B.1).
In order to calculate electromagnetic fields in the in-
ertial frames which are boosted upon by pure Lorentz
boosts (no rotation), we use successive boosts ~β and ∆~β.
For that we have to calculate the expression of AxyT first
as done in Eq. (27) which is:
AxyT =

1 − 1
λ21
(γλ3 + γ
2βxλ2) − 1λ21 (γλ4 + γ
2βyλ2) − 1λ21 (γλ5 + γ
2βzλ2)
− 1
λ21
(γλ3 + γ
2βxλ2) 1
(γ−1)λ6
λ21
− (γ−1)λ8
λ21
− 1
λ21
(γλ4 + γ
2βyλ2) − (γ−1)λ6λ21 1
(γ−1)λ7
λ21
− 1
λ21
(γλ5 + γ
2βzλ2)
(γ−1)λ8
λ21
− (γ−1)λ7
λ21
1
 (36)
As we know from Eq. (29), A(∆~β)xy andRtom(∆~Ω)
xy can be extracted from AxyT which can be written as:
A(∆~β)xy =

1 − 1
λ21
(γλ3 + γ
2βxλ2) − 1λ21 (γλ4 + γ
2βyλ2) − 1λ21 (γλ5 + γ
2βzλ2)
− 1
λ21
(γλ3 + γ
2βxλ2) 1 0 0
− 1
λ21
(γλ4 + γ
2βyλ2) 0 1 0
− 1
λ21
(γλ5 + γ
2βzλ2) 0 0 1

Rtom(∆~Ω)
xy =

1 0 0 0
0 1 (γ−1)λ6
λ21
− (γ−1)λ8
λ21
0 − (γ−1)λ6
λ21
1 (γ−1)λ7
λ21
0 (γ−1)λ8
λ21
− (γ−1)λ7
λ21
1
 (37)
where λi, (i = 1, 2, · · · , 8) and η1 are defined in the ap-
pendix.
Using Eq. (37) we can now calculate electromagnetic
fields due to pure Lorentz boosts whose detailed expres-
sions are provided in the Appendix (Section B.2).
(F ′′′)xy = A(∆~β)xy ·A(~β)xy · F xy · (A(~β)xy)T · (A(∆~β)xy)T
9= A(∆~β)xy · (F ′)xy · (A(∆~β)xy)T (38)
IV. VALIDATION OF RESULTS
All the framework that we have constructed can be
verified by two ways:
1. Verifying the form of boost matrices and electro-
magnetic field tensor for some special cases as dis-
cussed in [6, 7].
2. Applying this whole formalism on a 4-vector like
position.
For the first approach, in order to see the identical
nature of results we will assume the special case of βy =
βz = δβz = 0. Applying this assumption on Eqs. (21)
and (22) will give us:
A(~β)`t =
 γ −γβx 0 0−γβx γ 0 00 0 1 0
0 0 0 1

A(~β + δ~β)`t =

γ + γ3βxδβx −(γβx + γ3δβx) −γδβy 0
−(γβx + γ3δβx) γ + γ3βxδβx
(
γ−1
βx
)
δβy 0
−γδβy
(
γ−1
βx
)
δβy 0 1
0 0 0 1
 (39)
Similarly, A`tT can be reduced to a familiar result [6]:
A`tT =

1 −γ2δβx −γδβy 0
−γ2δβx 1 (γ−1)δβyβx 0
−γδβy − (γ−1)δβyβx 1 0
0 0 0 1
 (40)
In the lab xy-frame, we get the exact same results as
Eqs. (39) and (40) for the above mentioned special case.
This makes perfect sense since letting βy = βz = δβz = 0
would just make the original passive coordinate transfor-
mations redundant and both the `t- and xy- frames will
be identical.
To see if the matrix for Thomas rotation Rtom(∆~Ω)
is correct we can directly calculate it from its definition:
Rtom(∆~Ω) =
(
I −∆~Ω · ~S
)
(41)
where
∆~Ω =
[(
γ−1
β2
)
~β × δ~β
]
The Thomas rotation matrix calculated from the Eq.
(41) using the corresponding representations of the boost
vectors in `t/xy -frames matches with Eqs. (30) and (37).
For the verification of Electromagnetic Field Tensors,
we can calculate them in different ways. As an example,
we calculated (F ′′′)xy using:
(F ′′′)xy = A(∆~β)xy ·A(~β)xy · F xy · (A(~β)xy)T · (A(∆~β)xy)T
= Rtom(−∆~Ω)xy · (F ′′)xy · (Rtom(−∆~Ω)xy)T
= RT · (F ′′′)`t ·R
All three equations yielded same results. Similar verifi-
cation also holds for other electromagnetic field tensors
involved.
Our second approach for verification is based on Un-
gar et al. [9, 10, 16] in which we apply direct boost
(~β + δ~β) and successive boosts ~β and ∆~β to a position
4-vector. We can check if the results are consistent and
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share the same overall features as the electromagnetic
field tensor. To see that we start with a general position
4-vector in the lab frame and for simplicity, we ignore the
time component in the position 4-vector:
(r)xy =
0xy
z
 (42)
Transforming it in the `t- frame using the rotation matrix
R (18), we get:
(r)`t = R · rxy
=

0
xβx+yβy+zβz
λ1
yβx−xβy
η1
zβ2x−xβzβx+βy(zβy−yβz)
η1λ1

(43)
We can calculate the expression of (r)`t transformed
by the first successive boost ~β`t using Eq. (21) in the
same way we calculated the electromagnetic field tensor
Fµν :
(r′)`t = A(~β)`t · (r)`t
=

−γ (xβx + yβy + zβz)
γ(xβx+yβy+zβz)
λ1
yβx−xβy
η1
zβ2x−xβzβx+βy(zβy−yβz)
η1λ1

(44)
which is nothing but the standard Lorentz transfor-
mation of coordinates. Similarly, for the direct boost
(~β + δ~β)`t and successive boosts ~β`t and ∆~β`t, after
letting βz = δβz = 0 for simplicity, we have:
(r′′)`t = A(~β + δ~β)`t · (r)`t
=

−γ(xβ
3
x+(xδβxγ
2+yβy+yδβy)β2x+βy(xβy+(γ
2−1)(yδβx+xδβy))βx+β2y(yδβyγ2+yβy+xδβx))
η21
(γ−1)(yβx−xβy)(βxδβy−βyδβx)+(xβx+yβy)η21((βxδβx+βyδβy)γ3+γ)
η31
yβ3x−x(βy−(γ−1)δβy)β2x+βy(yβy−(γ−1)(xδβx−yδβy))βx−β2y(xβy+y(γ−1)δβx)
η31
z

(r′′′)`t = A(∆~β)`t ·A(~β)`t · (r)`t
= A(∆~β)`t · (r′)`t
=

γ
(
− (xβx+yβy)(βxδβx+βyδβy)γ2
η21
− xβx − yβy − (yβx−xβy)λ6η21
)
γ(xβx+yβy)(βxδβxγ2+βyδβyγ2+1)
η1
xγ2δβyβ
2
x+(βy(yδβy−xδβx)γ2+y)βx−βy(yβyδβxγ2+x)
η1
z

(45)
One way to check if Eqs. (44) and (45) are correct is
to show that the invariant interval ds2 [4]:
ds2 = gµνdx
µdxν
= (dx0)2 − (dx1)2 − (dx2)2 − (dx3)2 (46)
remains the same, where gµν is the metric tensor:
gµν =
1 0 0 00 −1 0 00 0 −1 0
0 0 0 −1

In our case we are concerned with the invariance of
s2 = x20 − x21 − x22 − x23 (47)
To see if that is the case, we can apply Eq. (47) to (r′)`t,
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(r′′)`t and (r′′′)`t calculated above. The invariant
s2 = −x2 − y2 − z2
indeed stays the same for each case. This makes sense
since we ignored the time component.
Similar results can be obtained for the position 4-
vector r in the lab xy -frame and it can be easily proved
that the invariant does not change. We also compare our
approach with Ungar’s in the Appendix (Section C).
V. CONCLUSION
The work presented in this paper is another confirma-
tion of the fact that two successive boosts are not equal
to a single direct boost. In the case of the electromag-
netic field, just applying the usual electromagnetic field
transformation equations will not result in the correct
form of electromagnetic fields in the case of non-collinear
boosts (accelerating frames) as Thomas rotation must be
included.
Apart from the validations made in the previous sec-
tion we will see if the electromagnetic field tensors in the
direct boosted frame ~β+δ~β and the successively boosted
frames ~β and ∆~β are consistent with the Thomas ro-
tation. To see that we can take the difference between
the corresponding elements of F ′′ and F ′′′ in both the
longitudinal-transverse `t and lab xy-frames.
After taking the difference of the electromagnetic field
tensors F ′′ and F ′′′ we found that
(F ′′)ij − (F ′′′)ij ∝ (γ − 1) (48)
for both `t- and xy-frames. This makes sense because
both F ′′ and F ′′′ just differ by Thomas rotation. Al-
though taking the difference of F ′′ and F ′′′ is not very
significant physically it does show what we expected.
To our knowledge, this is the first time that some-
one has calculated the expressions of the electromag-
netic fields in the frames corresponding to general three-
dimensional non-collinear boosts.
One application of this work concerns the calculation
of shifts in the Larmor frequency of highly relativistic
particles moving through non-uniform magnetic and
electric fields. Such a formalism was developed for the
motion of non-relativistic particles [17–19]; however,
this formalism is not directly applicable to relativistic
particles because the formalism assumes the electromag-
netic fields are known in the particle rest frame. For a
highly relativistic particle undergoing acceleration (e.g.,
relativistic charged particles stored by electromagnetic
fields within a circular storage ring), one can then apply
the formalism developed here in this paper to determine
the electromagnetic fields in an appropriate reference
frame, where any residual motion of the particle is
then non-relativistic, and then proceed to calculate the
frequency shifts per the formalism of [17–19].
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VI. APPENDIX
We begin by recalling that the electromagnetic field
tensor Fµν is an anti-symmetric matrix:
Fµν =
 0 −Ex −Ey −EzEx 0 −Bz ByEy Bz 0 −Bx
Ez −By Bx 0
 (49)
Defining some dummy variables to make equations look
cleaner:
λ1 =
√
β2x + β
2
y + β
2
z
λ2 = βxδβx + βyδβy + βzδβz
λ3 = β
2
yδβx − βxβyδβy + βz (βzδβx − βxδβz)
λ4 = β
2
xδβy − βxβyδβx + βz (βzδβy − βyδβz)
λ5 = β
2
xδβz − βxβzδβx + βy (βyδβz − βzδβy)
λ6 = βxδβy − βyδβx
λ7 = βyδβz − βzδβy
λ8 = βzδβx − βxδβz
η1 =
√
β2x + β
2
y
η2 =
√
β2y + β
2
z
η3 =
√
β2x + β
2
z
The detailed expressions of the electromagnetic fields
(to the first order in δβ) can be written as:
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A. Longitudinal-Transverse `t-Frame
1. Direct Boosted Frame (~β + δ~β)
(F ′′)10 =
1
λ1
[
βxEx + βyEy + βzEz − λ3Exγ2 − λ4Eyγ2 − λ5Ezγ2 +Bzλ6γ +Byλ8γ +Bxλ7γ + γ(γ − 1)η
2
2δβxEx
λ21
+
γ(γ − 1)η23δβyEy
λ21
+
γ(γ − 1)η21δβzEz
λ21
− γ(γ − 1)βxβyδβyEx
λ21
− γ(γ − 1)βxβzδβzEx
λ21
− γ(γ − 1)βxβyδβxEy
λ21
−γ(γ − 1)βyβzδβzEy
λ21
− γ(γ − 1)βxβzδβxEz
λ21
− γ(γ − 1)βyβzδβyEz
λ21
]
(F ′′)20 = −γBzη1 + γBxβxβz
η1
+
γByβyβz
η1
− γExβy
η1
+
γβxEy
η1
− γ
3Bzβxη1δβx
λ21
+
γ2δβxβyβzEz
η1
− γ
3Bzβyη1δβy
λ21
+
γ
(
γ2 − 1)Bxβ2xβzδβx
η1λ21
+
γ
(
γ2 − 1)Byβxδβxβyβz
η1λ21
− γBzβxδβxβ
2
z
η1λ21
− γBzβyδβyβ
2
z
η1λ21
+
γBxβxη1δβz
λ21
+
γ
(
γ2 − 1)Byβ2yδβyβz
η1λ21
+
γ
(
γ2 − 1)Bxβxβyδβyβz
η1λ21
− γ
(
γ2 − 1)Bzβzη1δβz
λ21
− (γ − 1)γ
2βxδβxExβy
η1
+
γ3Bxβxβ
2
zδβz
η1λ21
+
γ3Byβyβ
2
zδβz
η1λ21
+
γByβyη1δβz
λ21
− γ
3Exβ
2
yδβy
η1
− γ
2β2xExδβy
η1
− γ
3Exβyβzδβz
η1
+
γ3β2xδβxEy
η1
+
(γ − 1)γβ2xExδβy
η1λ21
− (γ − 1)γβxδβxExβy
η1λ21
+
(γ − 1)γ2βxβyδβyEy
η1
− (γ − 1)γδβxβ
2
yEy
η1λ21
+
γ2δβxβ
2
yEy
η1
+
γ3βxEyβzδβz
η1
− γ
2βxδβyβzEz
η1
+
(γ − 1)γβxδβyβzEz
η1λ21
− (γ − 1)γδβxβyβzEz
η1λ21
+
(γ − 1)γβxβyδβyEy
η1λ21
(F ′′)30 =
γByβxλ1
η1
− γBxβyλ1
η1
− γβxExβz
η1λ1
− γβyEyβz
η1λ1
+
γEzη1
λ1
+
γ3Byβ
2
xδβx
η1λ1
+
γByδβxβ
2
y
η1λ1
− γBxβ
2
xδβy
η1λ1
− γ
3Bxβ
2
yδβy
η1λ1
− γBzβzλ6
η1λ1
+
γ
(
γ2 − 1)Byβxβyδβy
η1λ1
− γ
(
γ2 − 1)Bxβxδβxβy
η1λ1
− (γ − 1)γβ
2
xδβxExβz
η1λ31
+
γ3Byβxβzδβz
η1λ1
− γ
3Bxβyβzδβz
η1λ1
− γ
2βxExδβzη1
λ1
− (γ − 1)γ
2β2xδβxExβz
η1λ1
− (γ − 1)γ
2βxExβyδβyβz
η1λ1
+
(γ − 1)γβxExδβzη1
λ31
− (γ − 1)γβxExβyδβyβz
η1λ31
− (γ − 1)γ
2βxδβxβyEyβz
η1λ1
− (γ − 1)γ
2β2yδβyEyβz
η1λ1
− γ
3βxExβ
2
zδβz
η1λ1
− γ
2βyEyδβzη1
λ1
+
(γ − 1)γβyEyλ5
η1λ31
− γ
3βyEyβ
2
zδβz
η1λ1
+
(γ − 1)γβzδβzEzη1
λ31
+
γ3βyδβyEzη1
λ1
+
γ3βxδβxEzη1
λ1
+
γ2βxδβxβ
2
zEz
η1λ1
− (γ − 1)γβyδβyβ
2
zEz
η1λ31
+
(γ − 1)γ2βzδβzEzη31
λ31
+
γ2βyδβyβ
2
zEz
η1λ1
+
(γ − 1)γ2β3zδβzEzη1
λ31
− (γ − 1)γβxδβxβ
2
zEz
η1λ31
(F ′′)32 =
1
λ1
[
Bxβx +Byβy +Bzβz − γExλ7 − γEyλ8 − γEzλ6 − (γ − 1)Bzλ5
λ21
− (γ − 1)Byλ4
λ21
− (γ − 1)Bxλ3
λ21
]
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(F ′′)13 = −γBxβy
η1
+
γByβx
η1
− γβxExβz
η1
− γβyEyβz
η1
+ γEzη1 − γ
3Bxβxδβxβy
η1
− γ
3Bxβ
2
yδβy
η1
− γ
3Bxβyβzδβz
η1
+
γ3Byβxβyδβy
η1
+
γ3Byβ
2
xδβx
η1
+
γ3Byβxβzδβz
η1
− γ
3βxExβ
2
zδβz
η1λ21
+
(γ − 1)Bxβxδβxβy
η1λ21
− (γ − 1)Bxβ
2
xδβy
η1λ21
+
(γ − 1)Byδβxβ2y
η1λ21
+
(γ − 1)Bzδβxβyβz
η1λ21
− (γ − 1)Byβxβyδβy
η1λ21
− (γ − 1)Bzβxδβyβz
η1λ21
−
(
γ2 − 1) γβ2xδβxExβz
η1λ21
−
(
γ2 − 1) γβxExβyδβyβz
η1λ21
− γβxExδβzη1
λ21
− γ
(
γ2 − 1)β2yδβyEyβz
η1λ21
− γ
(
γ2 − 1)βxδβxβyEyβz
η1λ21
− γβyEyδβzη1
λ21
− γ
3βyEyβ
2
zδβz
η1λ21
+
γ3βyδβyEzη1
λ21
+
γ3βxδβxEzη1
λ21
+
γβxδβxβ
2
zEz
η1λ21
+
γ
(
γ2 − 1)βzδβzEzη1
λ21
+
γβyδβyβ
2
zEz
η1λ21
(F ′′)12 =
γBzη1
λ1
− γBxβxβz
η1λ1
− γByβyβz
η1λ1
+
γExβyλ1
η1
− γβxEyλ1
η1
+
(γ − 1)Bxβ2xδβxβz
η1λ31
− γ
3Bxβ
2
xδβxβz
η1λ1
− γδβxβ
2
yEy
η1λ1
− γ
3Byβxδβxβyβz
η1λ1
+
γ3Bzβxδβxη1
λ1
+
γ3Bzβyδβyη1
λ1
− γ
3Bxβxβyδβyβz
η1λ1
− γ
3Byβ
2
yδβyβz
η1λ1
− γ
3Bxβxβ
2
zδβz
η1λ1
+
(γ − 1)Bzβxδβxβ2z
η1λ31
+
(γ − 1)Byβxδβxβyβz
η1λ31
+
(γ − 1)Bxβxβyδβyβz
η1λ31
+
(γ − 1)Byβ2yδβyβz
η1λ31
+
(γ − 1)Bzβyδβyβ2z
η1λ31
− (γ − 1)Bxβxδβzη1
λ31
− (γ − 1)Byβyδβzη1
λ31
− (γ − 1)Bzβzδβzη1
λ31
+
γ
(
γ2 − 1)βxδβxExβy
η1λ1
−
(
γ2 − 1) γβxβyδβyEy
η1λ1
− γ
3Byβyβ
2
zδβz
η1λ1
+
γ3Bzβzδβzη1
λ1
+
γ3Exβ
2
yδβy
η1λ1
+
γ3Exβyβzδβz
η1λ1
+
γβ2xExδβy
η1λ1
− γ
3β2xδβxEy
η1λ1
− γ
3βxEyβzδβz
η1λ1
− γδβxβyβzEz
η1λ1
+
γβxδβyβzEz
η1λ1
2. Successively Boosted Frame ~β and ∆~β
(F ′′′)10 =
βxEx
λ1
+
βyEy
λ1
+
βzEz
λ1
+
γ2Bzλ6
λ1
+
γ2Byλ8
λ1
+
γ2Bxλ7
λ1
+
γ2βxExβyδβy
λ1
+
γ2βxExβzδβz
λ1
− γ
2δβxExη
2
2
λ1
+
γ2βyEyβzδβz
λ1
− γ
2δβyEyη
2
3
λ1
+
γ2βxδβxβyEy
λ1
+
γ2βyδβyβzEz
λ1
+
γ2βxδβxβzEz
λ1
− γ
2δβzEzη
2
1
λ1
(F ′′′)20 =
2γByβyβz
η1
− γBzη1 − γExβy
η1
+
γβxEy
η1
− γ
3Bzη1λ2
λ21
+
γBzβzλ5
η1λ21
− γ
3Exβyλ2
η1
+
γ3βxEyλ2
η1
+
2γByβyδβzη1
λ21
+
2γ
(
γ2 − 1)Byβ2yδβyβz
η1λ21
+
2γ
(
γ2 − 1)Byβxδβxβyβz
η1λ21
+
2γ3Byβyβ
2
zδβz
η1λ21
(F ′′′)30 =
γByβxλ1
η1
− γBxβyλ1
η1
− γβxExβz
η1λ1
− γβyEyβz
η1λ1
+
γEzη1
λ1
− γBxβxλ6
η1λ1
− γByβyλ6
η1λ1
− γBzβzλ6
η1λ1
+
γ3Byβxλ2
η1λ1
− γ
3Bxβyλ2
η1λ1
− γ
3βxExβzλ2
η1λ1
− γ
3βyEyβzλ2
η1λ1
+
γ3Ezη1λ2
λ1
(F ′′′)32 =
1
λ1
[
Bxβx +Byβy +Bzβz − γ2Exλ7 − γ2Eyλ8 − γ2Ezλ6 + γ2Bzβxδβxβz + γ2Bxβxβyδβy + γ2Bzβyδβyβz
−γ2Bxδβxη22 − γ2Byδβyη23 − γ2Bzδβzη21 + γ2Byβyβzδβz + γ2Bxβxβzδβz + γ2Byβxδβxβy
]
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(F ′′′)13 = −γBxβy
η1
+
γByβx
η1
− γβxExβz
η1
− γβyEyβz
η1
+ γEzη1 − γ
3Bxβyλ2
η1
+
γ3Byβxλ2
η1
− γ
3βxExβzλ2
η1λ21
− γ
3βyEyβzλ2
η1λ21
− γβxExλ5
η1λ21
− γβyEyλ5
η1λ21
+
γ3Ezη1λ2
λ21
− γβzEzλ5
η1λ21
(F ′′′)21 =
γBzη1
λ1
− γBxβxβz
η1λ1
− γByβyβz
η1λ1
+
γExβyλ1
η1
− γβxEyλ1
η1
− γ
3Bxβxβzλ2
η1λ1
− γ
3Byβyβzλ2
η1λ1
+
γ3Bzη1λ2
λ1
+
γ3Exβyλ2
η1λ1
+
γβxExλ6
η1λ1
− γ
3βxEyλ2
η1λ1
+
γβyEyλ6
η1λ1
+
γβzEzλ6
η1λ1
B. Laboratory xy-Frame
1. Direct Boosted Frame (~β + δ~β)
(F ′′)10 = γBzβy − γByβz − γ2β2xEx +
1
λ21
[
γEx
(
γβ2x + β
2
y + β
2
z
)− (γ − 1)βxβyEy − (γ − 1)βxβzEz − γ3Byβzλ2 + γ3Bzβyλ2
+γBzλ4 + γ
3βxδβxExη
2
2 + γ
3Exβyδβyη
2
2 + γ
3Exβzδβzη
2
2 − γ3βxβyδβyβzEz − γ3βxβ2zδβzEz − γ3β2xδβxβyEy
−γByλ5 − γ3βxβ2yδβyEy − γ3βxβyEyβzδβz − γ3β2xδβxβzEz +
2(γ − 1)β2xExβyδβy
λ21
+
2(γ − 1)β2xExβzδβz
λ21
− (γ − 1)δβxβyEy
(−β2x + β2y + β2z)
λ21
+
2(γ − 1)βxβyEyβzδβz
λ21
− (γ − 1)βxδβyEy
(
β2x − β2y + β2z
)
λ21
+
2(γ − 1)βxβyδβyβzEz
λ21
− (γ − 1)δβxβzEz
(−β2x + β2y + β2z)
λ21
− (γ − 1)βxδβzEz
(
β2x + β
2
y − β2z
)
λ21
− 2(γ − 1)βxδβxExη
2
2
λ21
]
(F ′′)20 = γBxβz − γBzβx − γ2βxExβy − γ2β2yEy − γ2βyβzEz +
1
λ21
[
γ2β2yEy + γEyη
2
3 + γ
3βxδβxEyη
2
3 + γ
3βyδβyEyη
2
3
+(γ − 1)γβxExβy + (γ − 1)γβyβzEz − γ3Bzβ2xδβx +
(
γ2 − 1) γBxβxδβxβz − (γ2 − 1) γBzβxβyδβy − γBzδβxη22
+γ3Bxβ
2
zδβz −
(
γ2 − 1) γBzβxβzδβz + γ (γ2 − 1)Bxβyδβyβz + γBxδβzη21 − γ3βxExβyβzδβz + γ3Eyβzδβzη23
−γ3β2xδβxExβy − γ3βxExβ2yδβy − γ3βxδβxβyβzEz − γ3β2yδβyβzEz − γ3βyβ2zδβzEz −
(γ − 1)βyδβzEz
(
β2x + β
2
y − β2z
)
λ21
− (γ − 1)δβxExβy
(−β2x + β2y + β2z)
λ21
− (γ − 1)βxExδβy
(
β2x − β2y + β2z
)
λ21
+
2(γ − 1)βxδβxβ2yEy
λ21
− 2(γ − 1)βyδβyEyη
2
3
λ21
+
2(γ − 1)β2yEyβzδβz
λ21
+
2(γ − 1)βxδβxβyβzEz
λ21
− (γ − 1)δβyβzEz
(
β2x − β2y + β2z
)
λ21
+
2(γ − 1)βxExβyβzδβz
λ21
]
15
(F ′′)30 = γByβx − γBxβy − γ2β2zEz +
1
λ21
[
γ3Byβ
2
xδβx − (γ − 1)βxExβz − (γ − 1)βyEyβz + γEz
(
β2x + β
2
y + γβ
2
z
)
+γ3Byβxβyδβy − γ3Bxβ2yδβy −
(
γ2 − 1) γBxβxδβxβy + γByδβxη22 − γByβxβyδβy + γ3Byβxβzδβz
−γ3Bxβyβzδβz + γBxβyβzδβz − γBxδβyη23 − γByβxβzδβz − γ3β2xδβxExβz − γ3βxExβyδβyβz − γ3βyEyβ2zδβz
−γ3βxExβ2zδβz − γ3βxδβxβyEyβz − γ3β2yδβyEyβz + γ3βxδβxEzη21 + γ3βyδβyEzη21 + γ3βzδβzEzη21
− (γ − 1)δβxExβz
(−β2x + β2y + β2z)
λ21
+
2(γ − 1)βxExβyδβyβz
λ21
− (γ − 1)βxExδβz
(
β2x + β
2
y − β2z
)
λ21
+
2(γ − 1)βxδβxβyEyβz
λ21
− (γ − 1)δβyEyβz
(
β2x − β2y + β2z
)
λ21
− (γ − 1)βyEyδβz
(
β2x + β
2
y − β2z
)
λ21
+
2(γ − 1)βxδβxβ2zEz
λ21
+
2(γ − 1)βyδβyβ2zEz
λ21
−2(γ − 1)βzδβzEzη
2
1
λ21
]
(F ′′)32 = γEyβz − γβyEz + 1
λ21
[
Bxβ
2
x + γBxη
2
2 − (γ − 1)Byβxβy − (γ − 1)Bzβxβz − γ3Byβ2xδβxβy − γ3Bzβ2xδβxβz
+γ3Bxβxδβxη
2
2 + γ
3Bxβyδβyη
2
2 − γ3Byβxβ2yδβy − γ3Bzβxβyδβyβz + γ3Bxβzδβzη22 − γ3Bzβxβ2zδβz
−γ3Byβxβyβzδβz − γδβyEzη23 + γ3Eyβ2zδβz +
(
γ2 − 1) γβyδβyEyβz + γ (γ2 − 1)βxδβxEyβz + γEyδβzη21
−γ3β2yδβyEz −
(
γ2 − 1) γβxδβxβyEz − (γ2 − 1) γβyβzδβzEz − 2(γ − 1)Bxβxδβxη22
λ21
+
2(γ − 1)Bxβ2xβzδβz
λ21
+
2(γ − 1)Byβxβyβzδβz
λ21
+
2(γ − 1)Bxβ2xβyδβy
λ21
− (γ − 1)Bzδβxβz
(−β2x + β2y + β2z)
λ21
+
2(γ − 1)Bzβxβyδβyβz
λ21
− (γ − 1)Byβxδβy
(
β2x − β2y + β2z
)
λ21
− (γ − 1)Byδβxβy
(−β2x + β2y + β2z)
λ21
− (γ − 1)Bzβxδβz
(
β2x + β
2
y − β2z
)
λ21
]
(F ′′)13 = −γExβz + γβxEz + 1
λ21
[
Byβ
2
y + γByη
2
3 − (γ − 1)Bzβyβz − (γ − 1)Bxβxβy − γ3Bxβ2xδβxβy − γ3Bzβ2yδβyβz
−γ3Bxβxβ2yδβy − γ3Bxβxβyβzδβz + γ3βxβzδβzEz + γ3β2xδβxEz + γδβxEzη22 − γβxβyδβyEz − γβxβzδβzEz
−γ3Exβ2zδβz −
(
γ2 − 1) γβxδβxExβz − (γ2 − 1) γExβyδβyβz − γExδβzη21 + γ3βxβyδβyEz − γ3Bzβyβ2zδβz
+γ3Byβxδβxη
2
3 + γ
3Byβzδβzη
2
3 + γ
3Byβyδβyη
2
3 − γ3Bzβxδβxβyβz +
2(γ − 1)Byβxδβxβ2y
λ21
− 2(γ − 1)Byβyδβyη
2
3
λ21
+
2(γ − 1)Byβ2yβzδβz
λ21
+
2(γ − 1)Bzβxδβxβyβz
λ21
− (γ − 1)Bzδβyβz
(
β2x − β2y + β2z
)
λ21
− (γ − 1)Bzβyδβz
(
β2x + β
2
y − β2z
)
λ21
+
2(γ − 1)Bxβxβyβzδβz
λ21
− (γ − 1)Bxδβxβy
(−β2x + β2y + β2z)
λ21
− (γ − 1)Bxβxδβy
(
β2x − β2y + β2z
)
λ21
]
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(F ′′)21 = γExβy − γβxEy + 1
λ21
[
Bzβ
2
z + γBzη
2
1 − (γ − 1)Bxβxβz − (γ − 1)Byβyβz + γ3Bzβxδβxη21 − γ3Bxβ2xδβxβz
−γ3β2xδβxEy − γ3βxβyδβyEy − γ3βxEyβzδβz + γβxβyδβyEy + γβxEyβzδβz − γδβxEyη22 + γExδβyη23
+
(
γ2 − 1) γExβyβzδβz + γ (γ2 − 1)βxδβxExβy − γ3Byβxδβxβyβz + γ3Bzβyδβyη21 − γ3Byβ2yδβyβz
−γ3Bxβxβyδβyβz + γ3Bzβzδβzη21 − γ3Bxβxβ2zδβz − γ3Byβyβ2zδβz + γ3Exβ2yδβy +
2(γ − 1)Bzβyδβyβ2z
λ21
+
2(γ − 1)Byβxδβxβyβz
λ21
+
2(γ − 1)Bzβxδβxβ2z
λ21
− (γ − 1)Byδβyβz
(
β2x − β2y + β2z
)
λ21
− 2(γ − 1)Bzβzδβzη
2
1
λ21
− (γ − 1)Bxβxδβz
(
β2x + β
2
y − β2z
)
λ21
− (γ − 1)Bxδβxβz
(−β2x + β2y + β2z)
λ21
+
2(γ − 1)Bxβxβyδβyβz
λ21
− (γ − 1)Byβyδβz
(
β2x + β
2
y − β2z
)
λ21
]
2. Successively Boosted Frame ~β and ∆~β
(F ′′′)10 = γBzβy − γByβz − γ2β2xEx − γ2βxβzEz − γ2βxβyEy +
1
λ21
[
γ2β2xEx + γExη
2
2 + γ
2βxβyEy − γβxβyEy − γ2βxEzλ5
+γ2βxβzEz − γβxβzEz + γ2Byβxδβxβz − γ2Bzβxδβxβy + γByβyδβyβz − γBzβyβzδβz − (γ − 1)γBxβxδβyβz
−γ3Byβzλ2 + γBzδβy
(
γβ2x + β
2
z
)− γByδβz (γβ2x + β2y)− γ2βxExλ3 − γ3βxβyEyλ2 + (γ − 1)γBxβxβyδβz
−γ2βxEyλ4 − γ3βxβzEzλ2 + γ3Exη22λ2 + γ3Bzβyλ2
]
(F ′′′)20 = γBxβz − γBzβx − γ2βxExβy − γ2β2yEy − γ2βyβzEz +
1
λ21
[
γ3Bxβyδβyβz(γ − 1)γβxExβy + (γ − 1)γβyβzEz
+γ3Bxβxδβxβz − γ3Bzβ2xδβx + γ2Bzβxβyδβy + (γ − 1)γByδβxβyβz − γBxβxδβxβz + γ2βxδβxβ2yEy − γ3β2yδβyβzEz
+γEy
(
β2x + γβ
2
y + β
2
z
)− γ3Bzβxβyδβy − γ2Bxβyδβyβz + γBxδβz (β2x + γβ2y)+ γBzβxβzδβz − (γ − 1)γByβxβyδβz
−γ3Bzβxβzδβz + γ3Bxβ2zδβz − γ3β2xδβxExβy − γ3βxExβ2yδβy + γ2βxExβ2yδβy − γ2δβxExβyη22 + γ2βxExβyβzδβz
−γ3βxExβyβzδβz + γ3βxδβxEyη23 − γ2βyδβyEyη23 + γ3βyδβyEyη23 + γ2β2yEyβzδβz + γ3Eyβzδβzη23 − γ2βyδβzEzη21
−γ3βxδβxβyβzEz − γ3βyβ2zδβzEz + γ2β2yδβyβzEz + γ2βxδβxβyβzEz − γBzδβx
(
γβ2y + β
2
z
)]
(F ′′′)30 = γByβx − γBxβy − γ2βxExβz − γ2βyEyβz − γ2β2zEz +
1
λ21
[
γ3Byβ
2
xδβx(γ − 1)γβxExβz + (γ − 1)γβyEyβz
+γEz
(
β2x + β
2
y + γβ
2
z
)− γ3Bxβxδβxβy + γByδβx (β2y + γβ2z)+ γBxβxδβxβy − (γ − 1)γBzδβxβyβz − γByβxβyδβy
+γ3Byβxβyδβy − γ2Byβxβzδβz + (γ − 1)γBzβxδβyβz − γBxδβy
(
β2x + γβ
2
z
)− γ3Bxβyβzδβz + γ3Byβxβzδβz
+γ2Bxβyβzδβz − γ3β2xδβxExβz − γ3βxExβyδβyβz + γ2βxExβyδβyβz − γ2δβxExβzη22 + γ2βxExβ2zδβz
−γ3βxExβ2zδβz − γ3βxδβxβyEyβz − 2γ3β2yδβyEyβz − 2γ2δβyEyβzη23 + γ2βxδβxβyEyβz + γ2βyEyβ2zδβz
−γ3βyEyβ2zδβz + γ3βyδβyEzη21 + γ3βzδβzEzη21 + γ3βxδβxEzη21 + γ2βxδβxβ2zEz − γ2βzδβzEzη21 − γ3Bxβ2yδβy
+γ2βyδβyβ
2
zEz
]
(F ′′′)32 = γEyβz − γβyEz + γ3βyδβyEyβz − γ3β2yEyδβz + γ3δβyβ2zEz − γ3βyβzδβzEz +
1
λ21
[−γ2Byβxλ4 + γ3Bxη22λ2
−(γ − 1)Bzβxβz +Bx
(
β2x + γ
(
β2y + β
2
z
))
+ (γ − 1)γβxExδβyβz − (γ − 1)γβxExβyδβz − γ2Bzβxλ5 − γ3Bzβxβzλ2
+γ2Eyδβz
(
β2x + γ
(
β2y + β
2
z
))− γ2δβyEz (β2x + γ (β2y + β2z)) (γ − 1)γ2βxδβxEyβz − (γ − 1)Byβxβy − γ3Byβxβyλ2
−γ2Bxβxλ3 − (γ − 1)γ2βxδβxβyEz
]
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(F ′′′)13 = γβxEz − γExβz − γ3βxδβxExβz + γ3β2xExδβz + γ3βxβzδβzEz +
1
λ21
[
γ3Byη
2
3λ2 − γ2Bxβyλ3 − γ3Bxβxβyλ2
+γδβxβ
2
zEz − (γ − 1)Bxβxβy − (γ − 1)Bzβyβz − γ2Byβyλ4 − γ2δβxβyEyβz − γ2Bzβyλ5 − γβxβyEyδβz
−γ3Bzβyβzλ2 − γ2Exβ2yδβz − (γ − 1)γ2Exβyδβyβz − γ3Exδβzη23 + γ2βxβyEyδβz + γ3β2xδβxEz + γ2δβxβ2yEz
+γδβxβyEyβz + (γ − 1)γ2βxβyδβyEz +By
(
γβ2x + β
2
y + γβ
2
z
)]
(F ′′′)21 = γ3βxδβxExβy − γ3β2xExδβy + γExβy + γ3δβxβ2yEy − γβxEy − γ3βxβyδβyEy + γ3δβxβyβzEz − γ3βxδβyβzEz
+
1
λ21
[
γ3Bzη
2
1λ2 − (γ − 1)Bxβxβz − (γ − 1)Byβyβz +Bz
(
γβ2x + γβ
2
y + β
2
z
)− γ3Bxβxβzλ2 − γ3Byβyβzλ2
+γ3Exδβyη
2
1 − γ3δβxEyη21 − γ2Bxβzλ3 − γ2Byβzλ4 − γ2Bzβzλ5 + (γ − 1)γ2Exβyβzδβz − (γ − 1)γ2βxEyβzδβz
+(γ − 1)γ2βzEzλ6 + γ2Exδβyβ2z − γ2δβxEyβ2z
]
C. Comparison with the References
As mentioned in the Introduction, this work is in-
spired by Ungar et al. [9–14, 16] so it is natural to
compare our approach with Ungar to see if we share the
same overall features. To check that we will work for a
2-dimensional case for simplicity by letting βy = βz =
δβz = 0 in Eq. (37) which will give [6]:
A(∆~β) =
 1 −γ
2δβx −γδβy 0
−γ2δβx 1 0 0
−γδβy 0 1 0
0 0 0 1
 (50)
From A(∆~β), the relativistic velocity composition can be
easily extracted:
∆~β = γ2δβxxˆ+ γδβy yˆ (51)
Now for the three different inertial frames discussed in
the Introduction Σ, Σ′ and Σ′′, we have
Relative velocity of Σ′ with respect to Σ : ~β
Relative velocity of Σ′′ with respect to Σ′ : ∆~β
We can now use the relativistic velocity composition rule
mentioned in Eq. (8) to calculate the relative velocity of
Σ′′ with respect to Σ [9–14, 16] by defining:
~u = ~β = βxˆ
~v = ∆~β = γ2δβxxˆ+ γδβy yˆ
γu = γ
γv ≈ 1
After plugging in the values and simplifying, we get:
(~u⊕ ~v)x = β + γ
2δβx
1 + γ2βδβx
(~u⊕ ~v)y = δβy
1 + γ2βδβx
γ~u⊕~v ≈ γ(1 + γ2βδβx) (52)
Constructing the boost matrix from the above equa-
tion:
A(~β + δ~β) =

γ + γ3βδβx −(γβ + γ3δβx) −γδβy 0
−(γβ + γ3δβx) γ + γ3βδβx (γ − 1) δβyβ 0
−γδβy (γ − 1) δβyβ 1 0
0 0 0 1

We can compare this boost matrix with Eq. (39) and
notice that they are completely identical. Therefore our
approach gives the identical final result as discussed in
[9–14, 16].
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